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1 Contraposition

Prove the statement "if a+b < c+d, then a < c or b < d".

2 Numbers of Friends

Prove that if there are n � 2 people at a party, then at least 2 of them have the same number of friends at

the party. Assume that friendships are always reciprocated: that is, if Alice is friends with Bob, then Bob is

also friends with Alice.

(Hint: The Pigeonhole Principle states that if n items are placed in m containers, where n > m, at least one

container must contain more than one item. You may use this without proof.)
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Contrapositive If ate and bed then atb ctd

Proof as a Add inequalities together

t.IT td

Suppose all n people have a different number of friends

The possible number of friends a person has is in 0 1,2 sn i

Since there are n possible buckets every bucket needs

to have 1 person in it However this would mean there

is 1 person with O friends and I person with n l friends

This is a contradiction because having n l friends would

mean being friends with everyone else including the person
with O friends Thus one of 0 or n I must be empty so

there must be at least two people whoshare the same number

of friends



3 Pebbles

Suppose you have a rectangular array of pebbles, where each pebble is either red or blue. Suppose that

for every way of choosing one pebble from each column, there exists a red pebble among the chosen ones.

Prove that there must exist an all-red column.

4 Preserving Set Operations

For a function f , define the image of a set X to be the set f (X) = {y | y = f (x) for some x 2 X}. Define the

inverse image or preimage of a set Y to be the set f�1(Y ) = {x | f (x) 2Y}. Prove the following statements,

in which A and B are sets.

Recall: For sets X and Y , X = Y if and only if X ✓ Y and Y ✓ X. To prove that X ✓ Y , it is sufficient to
show that (8x) ((x 2 X) =) (x 2 Y )).

(a) f�1(A[B) = f�1(A)[ f�1(B).

(b) f (A[B) = f (A)[ f (B).
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Contrapositive If there is no all redcolumn then it is possible
to pick a blue pebble fromeachcolumn

Proof Suppose there is no all red column That means there
exists a blue pebble in each column From each column
we can pick a bluepebble Thus we have selected a
pebble fromeverycolumn such thatnone are red

a Claim 1 f AUB E f A Uf B

Proof Suppose X E f AUB
Then f x eAUB so f x EA or FGEB
This means x E f A or XE f B whichmeans x Ef A Uf B

Claim2 f A Uf B E F AUB
Proof X E f A v f B x Ef A or x Ef B

f x EA or f x EB
f x eAUB
X E f AUB

Since f AUB E f A Uf B and F A Uf B E F AUB

this means f AUB F A Uf B D



b Claim I FLAVB E FLA Uf B

Proof ye f AUB y f x for some XEAUB

y f x where XEA or

y fix where EB

yet A on yEflB
y Ef A Uf B

Claim 2 FLA UFLB E F AUB
Proof ye f A uf B yEfA on yEf B

y f x for some xEA or

y f x for some
xEB

y f x for some
XEAUB

yEf AUB

Claim I and Claim 2 together imply FLAUB FLA Uf B O


